By considering that the distribution of measured light along any galactocentric radius of an elliptical galaxy can be well represented by a R 1/n Sérsic law, we propose in this paper a "discrete ordenate" method, which, for any value of n, allows an explicit expression for the luminous density, ρ(r), to be found that can be numerically evaluated to any required precision. Once we have this semi-analytical expression for the spatial density, ρ(r), the mass distribution, M (r), the potential, φ(r), and the velocity dispersions, σ 2 s (r), in the space and in the observational plane, σ 2 p (R), can be computed in a straightforward manner.
INTRODUCTION
Analysis of the distribution of the light intensity over the surface of an elliptical galaxy is fundamental to determining its internal structure. From the beginning it was pointed out that this intensity distribution over a galactocentric radius-for simplicity along the major axis of the observed ellipse-was similar for all galaxies, as well as for the bulges of spiral galaxies. This distribution was firstly represented by the Hubble-Reynolds law I(R) ∝ (r + ro) −2 (Reynolds 1913; Hubble 1930) , and some time later by the "universal" de Vaucouleurs law. However, later observations (Davies et al. 1988; Caon, Capaccioli & D'Onofrio 1993; Andreakis, Peletier & Balcells 1995; Graham et al. (1996) ; Binggeli & Jergen 1998 ) did show some discrepancies with the R 1/4 law, and led to a more general form with R 1/n , generally with n > 1 (Sérsic 1968) . This bi-parametric expression accounts much better for the observed intensity profiles of elliptical galaxies and bulges of spiral galaxies.
In this paper we present a careful study to determine the 3D spatial distribution of emitting sources from any observed R 1/n Sérsic profile, and via a mass-to-luminosity relation we derive the corresponding dynamical properties.
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THE SERSIC PROFILE
For an elliptical galaxy the "light profile" which describes the light intensity distribution over any galactocentric radius R(α) corresponding to the galactic longitude α can be well approached by the Sérsic profile, I(R(α)) = I(0) exp[−(R(α)/Ro(α))
where the value of n is the same for all the galactocentric radius R(α). The scale length, Ro(α), will have different values for different α according with the elliptical shape of the galaxy. If a and b are, respectively, the major and minor semi-axis of a given isophote (ǫ = 1 − b/a is the ellipticity) and Ro ≡ Ro(0) is the scale length of the light profile along the major semi-axis, we then have,
Equations (1) and (2), with n independent of α, indicate that all the isophotes (curves with the same value of the light intensity, I) are ellipses with the same ellipticity, ǫ.
In general, the observational intensity profiles are measured along the major axis of the galaxy, where α = 0 and therefore we note I(R) ≡ I(R(0)). However, other parameters have been proposed for R (radius) for identifying each observed isophote and measuring the intensity profile. For example, if a k and b k are the major and minor semi-axes of each isophote, respectively, instead of R = a k we can use the value of b k , the mean value (a k + b k )/2 or the geometric mean ( √ a k b k ). However, each of these options leads to the same conclusions. We might have only small differences from the practical point of view. Therefore, purely for sake of simplicity we carry on with our work using the semi-major axis as the "radius parameter", R, to measure the distribution of luminous intensity over the galaxy. The total energy or luminosity enclosed by an isophote defined by the value R of its major axis is given by,
R(α) being the value of the radius vector of the points of the ellipse-isophote defined by R that corresponds to the galactocentric longitude α. If the brightness distribution follows the Sérsic law, Equation (1), and taking into account that for the isophote defined by R we have R(α)/Ro(α) = R/Ro, then Equation (3) reduces to
γ(2n, (R/Ro) 1/n ) being the incomplete gamma function corresponding to the gamma function Γ(2n) for the value (R/Ro) 1/n . The total observed luminosity is given by Equation (4) when R → ∞:
But instead of using the natural scale length Ro to describe a profile I(R) measured along the semi-major axis of the isophotes, the value Re of R, for which the corresponding isophote encloses the half of the total luminosity is customarily used. Obviously, the other half corresponds to the luminosity over the isophotes with R > Re. This definition of Re can be written as
This equation gives a value of Re/Ro for each n. If we define k = (Re/Ro) 1/n , the values of k that satisfy Equation (6) can be easily computed for any value of n. For n ≥ 1, they can be obtained (with an error smaller than 0.1%) by the relation k = 2n − 0.324 (see Ciotti 1991) .
The use of the variable k and the characteristic radius Re allow us to write the Sérsic profile, Equation (1), in its usual form (see Fig. 1 ):
Likewise, the luminosity distribution in Equation (4) becomes,
and the total luminosity is,
In Fig. 1 we plot, together with the observed intensity profile I(R), the normalized observed luminosity, L(R)/L, for different values of n.
THE ABEL INVERSION FOR THE SERSIC PROFILES
The problem that we want to solve is to determine the galactic density of luminous sources which can explain the observed intensity profile, I(R), given by Equations (1) or (7). This intensity at a given position is originated for by the emission of all the stars that are located along the line of sight. For the case in which the emitting sources of the galaxy have a spherical distribution of density, ρL(r), the observed isophotes will be circular and the corresponding intensity will be given by
where R is the radius of each observed isophote. The problem that we have to solve is to determine the density of luminosity, ρL(r), for a known intensity profile, I(R). In mathematical terms the problem consists in the inversion of the Abell integral transform with an infinite interval (Equation [10] ). If the distribution of emitting sources is not spherical, as happens in the case of elliptical galaxies, the problem is not so simple. Here we can admit that the density of sources ρL is constant over concentric and coaxial ellipsoidal surfaces which can be bi-or triaxial. Let d be the parameter whose value characterizes each of the ellipsoidal shells in the space. It can be the value of one of its three semi-axis, a mean (linear or quadratic) value of these axes, or any other parameter with linear dimensions. Then the density of luminous sources, ρL(d), will be a function of d. If these ellipsoidal shells are homologous (i.e. if the ratio between their semi-axes are the same for all of them) the corresponding isophotes over any observation plane are concentric and coaxial homologous ellipses (all have the same ellipticity). Taking D as a parameter to describe the observed isophotes (D can be the semi-major axis or any other linear dimension of these isophotes as we discuss in Section 2), we can write an equation similar to Equation (10) (see Lindblad 1956 ), which relates the intensity, I(D), of each isophote with the density of emitting sources, ρL(d). Now d plays the same role as r in the case of a spherical distribution of sources, but d is no longer a vector position in the space. The choice of the parameter D to characterize each of the observed isophotes and to describe the distribution of the intensity, I(D), over these depends on the choice of the parameter d to describe the structure and emission density, ρL(d), of each ellipsoidal shell that forms the galaxy. To find the relation between D and d we need a detailed geometrical description of the shape, position and projection of these ellipsoidal surfaces (see Simonneau, Varela & Muñoz-Tuñón 1998) .
However the main goal of this work is to describe in a semi-analytical way, some mathematical properties of a density ρL(r) obtained from an inversion of the Abel integral transform (Equation [10] ) of an observed radial profile, I(R), which follows the Sérsic law (Equation [7] ). These mathematical properties are the same for the case of a spherical galaxy where the emitting shells are defined by r and the circular isophotes are defined by its radius, R, which, for the case of an ellipsoidal galaxy where the emitting shells are defined by the parameter d and the elliptical isophotes, are defined by another parameter, D. In this paper, then, we shall consider only the case of the spherical galaxies by means of Equation (10). But we would like to emphasize that many of the conclusions presented in this paper can be applied, with minor changes, to the case of elliptical galaxies, once we find out how to define the d and D parameters correctly.
In terms of the new variables z ≡ (R/Re) and s ≡ (r/Re), the theoretical inversion of the Abel integral transform (Tricomi 1985) , equation (10), leads to
where I(z) is given by the Equation (7). It will then be
or otherwise
The argument in the integral of Equation (13) is singular at t = 1, although it is integrable for any value of n. Only when s = 0 does the integral diverge for n < 1 because of the infinity in the upper limit. But for these values, because of the multiplicative factor s 1/n−1 , ρL(s) becomes zero for s = 0. When s increases, ρL(s) also increases until some critical value and then decreases monotonically. This means that some layers are more dense than the internal ones, and that consequently the system is gravitationally unstable. Hence, models with n < 1 are not adequate for representing stable galaxies.
When n = 1 the intensity profile, I(R), takes an exponential law and the integral in Equation (13) is the Ko(x) modified Bessel function, which has a logarithmic discontinuity for x = 0 (see Abramowitz & Stegun 1968, pages 374-376) . Hence, for n = 1 the spatial density becomes:
For n > 1 the integration of Equation (13) is not possible analytically, except for s = 0, where
and B(z, w) is the complete beta (Euler) function (see Abramowitz & Stegun 1968, page 258) . However, the form of the integral in Equation (13) has been used by many authors to obtain selected approximations for ρL(s). First, for the de Vaucouleurs case n = 4, by Poveda, Iturriaga & Orozco (1960) , Mellier & Mathez (1987) , and for the Sérsic profiles (Gerbal et al. 1997) . Also, numerical computations of ρL(s) have been carried out by Young (1976) for the de Vaucouleurs case and by Ciotti (1991) and Graham & Colles (1997) for the Sérsic cases, respectively. In this article we propose an analytical expression for ρL(s) that allows an easy computation of the mass and gravitational potential to any required precision.
As the argument of the integral in Equation (13) can be integrated for any value of s, even considering the singularity for t = 1, it seems possible to write this integral with a new variable, x, such as its argument does not show any discontinuity. We propose t = 1/(1 − x 2 ) 1/(n−1) . Equation (13) for the density becomes
We can then perform this integral formally by means of a Gaussian numerical integration to get
where
and xj and wj (j = 1, 2, ..., Nap) are the abcissae and the integration weights, respectively, in the interval (0, 1). Nap is the order of approximation, i.e. number of abscissae and weights needed to compute the integral in Equation (13) numerically. The standard tables of abcissae,xj, and integration weights,wj , correspond to the interval (−1, +1) (Abramowitz & Stegun 1968, pages 916-919) . Therefore, the relation of the values of xj and wj for the interval (0,1) are xj = (1 +xj )/2 and wj=wj /2. In summary, by selecting different sets of abcissae, xj, and integration weights, wj , we can compute λj and the coefficients ρj by Equations (18) and (19), respectively, and determine to any required precision the luminous density ρL(s) from Equation (17). In Table 1 , we have listed the abscissae and weights for the Nap = 1, 2 and 5 cases that we discuss below.
In the first place, we must point out that there are few characteristic quantities in relation to the distribution ρL(s) that can be determined theoretically, i.e. independently of the numerical integrations. One of these is the integral in Equation (15), which determines the asymptotical behaviour of ρL(s) when s → 0. From Equations (15) to (17) it is necessary that
where the coefficients ρj are those given by Equation (19). The other characteristic quantities are the different moments of the density distribution, ρL(r), i.e. 
The first one (m = 0) leads to the synthetic value of I(0). To satisfy Equation (10) for R = 0 with a density law as in Equation (17) it is necessary that
The second one (m = 1) leads to the value of the gravitational potential at the centre of the system (r = 0). This value, φ(0), is known a priori (see bellow Equation [31] ). To Table 1 . Abscissae, x j , and weights, w j , for the Gaussian integration in the interval (0,1) for three different approximations, Nap=1,2 and 5. reach this theoretical value with a density law, as in Equation (17), is necessary that
The third one (m = 2) leads to the value of total luminosity, L. To have the same theoretical value as in Equation (9) it is necessary that
Thus, to test as a first step the accuracy of our approximation for ρL(s) in Equation (17), we have computed the left-hand side of Equations (20), (22), (23) and (24) numerically; and in Tables 2, 3 , 4 and 5 we have compared these with the theoretical values of their right-hand side together for the different approximations Nap=1, 2, and 5, and for different values of n (2,3,4,...,10). As can be seen, the approximation Nap = 5 leads to results of high quality. According to the results we have that for Nap = 10,20 and 40, the variation is insignificant with respect to the results for Nap = 5.
We now discuss the accuracy of each approximation (Nap=1,2,5,10,20,40) over the entire radial density distribution, ρ(s). As a reference we take the density ρ40(s) calculated with Nap = 40. The relative variation between this and ρ20(s), calculated with the approximation Nap = 20 is always smaller than 0.01%, i.e. negligible to the first four significant figures. This difference increases by one order of magnitude for the Nap = 10 approximation. The relative difference between ρ10(s) and ρ40(s) is always smaller than 0.1%. For the case of Nap = 5 the difference between ρ5(s) and ρ40(s) never reaches 1%. For the case of Nap = 2 we can get differences of around 10% only for low values of n (less that 5), and for large values of s (greater than 10). This relative difference increases significantly for Nap = 1. So, if we consider as not significant the difference between the Nap = 40 and Nap = 20 cases, we can take as the errors of each approximation the differences given above. In general, Nap = 2 is a good approximation for getting a complete first-order description. However, concerning the quality of the first approximations (Nap=1,2) we cannot consider the Gaussian numerical integration as the best method for obtaining the values of ρj,λj . These values must be obtained directly from Equations (20), (22), (23) and (24) in such a way that, even if between these first orders the computed ρL(s) and the correct solution there are any differences, we are sure that the most important parameters of the problem are computed exactly.
For most applications where great accuracy is not needed, the approximation Nap = 5 can be sufficient. In case of much higher accuracy the Nap = 10 and Nap = 20 approximations can satisfy any requirement.
In Fig. 2 , we plot ρL(s) as a function of s = r/Re for different values of n.
DYNAMICAL PROPERTIES FOR THE SERSIC PROFILE
Once we have the density of luminous sources, ρL(s), we can study some other quantities in relation to the dynamical state of the galaxy.
The mass distribution
The density ρL(s) in Equation (17) refers to the density of luminous sources. In cases in which the mass-to-luminosity ratio, Υ, is the same in all the points of the galaxy, the total mass, M , will be given by Equation (9) multiplied by this ratio Υ. Then, we can use ρ(s) for the mass density distribution with the form
where (with M = ΥL), 
The corresponding mass distribution, M (s),
is given by Table 3 . Synthesis of the observed central intensity I(0). We show the theoretical value of
together with the corresponding numerical computation of Nap j=1
ρ j /λ j , Equation (22), with Nap=1,2,5. (29) where γ(2n + 1, λj ks 1 n ) is the incomplete gamma function corresponding to the gamma function Γ(2n+1) for the value λjks 1 n . Because the Gaussian values of λj and ρj satisfy Equation (24) very accurately we are sure about the correct normalization in the M (s) distribution.
The normalized mass distribution, M (s)/M , is shown in Fig. 2 for the different values of n. For n = 1 the distribution of mass has been computed directly from the corresponding density given by Equation (14).
The gravitational potential
For a spherical system with density distribution ρ(s) (Equation [25] ), the gravitational potential is given by
where, for the Sérsic law, ρo andρ(s) are given by Equations (26) and (27), respectively. At the centre, for s = 0, we have
which is the correct value known a priori (see Ciotti 1991 ).
For the potential we then have
where M (s)/M is given by Equation (29). As before, the accuracy of the sum Nap j=1 ρj/λ n+1 j in Equation (23) leads to the correct value for φ(0) in Equation (32).
Curves for the potential φ(s) for different values of n (n = 1, 2, ..., 10) are shown in Figure 3 .
The total potential energy
With the above expression for ρ(s), M (s) and φ(s) it is very simple to compute the total potential energy,
to get
The values of the parameter w 2 , computed numerically from Equation (33), are given in Table 6 for the different values of n. The ratio Re/w 2 can be considered as a mean gravitational radius, rG, such that W = Υ 2 GL 2 /rG. That is, in some way rG ≡ Re/w 2 accounts for the mass concentration degree in the inner parts of the system. But from another point of view we can interpret (ΥGL/Re)w 2 as a quadratic mean velocity such that the corresponding kinetic energy, T = (1/2)M (ΥGL/Re)w 2 , satisfies the virial theorem, W = 2T . We should now examine the possibility of measuring this quadratic mean velocity.
In stationary spherical galaxies we can assume that there are no organized motions of the stellar populations as a whole, i.e. rotation, expansion or contraction; hence at each point in the galaxy we will have a quadratic mean velocity corresponding to the local velocity dispersion σs 2 (r) . Indeed this one is a double mean. First, it is a local quadratic mean of the three components of the velocity dispersion σs(r)≡ (σr(r), σ φ (r), σ θ (r)). However, to be able to apply the virial theorem we need the necessary condition of quasi-isotropy in the velocity dispersion tensor. In practice we can admit isotropy, i.e. σr(r) = σ φ (r) = σ θ (r) ≡ σs(r), to be able to apply the virial theorem with a quadratic mean velocity:
If observations of this quadratic mean velocity (dispersion velocity) are available, and if we admit a "Sérsic model" for the galaxy and consequently compute, for any observed I(R) profile, the potential energy (Equations [34]; see Table  6 for the factor w 2 corresponding to each n), we could write the virial theorem in the form
where the total luminosity, L, is another measured quantity. Therefore, we can estimate the value of the mass-toluminosity ratio, Υ. This method for the determination of the masses of elliptical galaxies was proposed, for the case n = 4 (the de Vaucouleurs law) by Poveda (1958) . However, we do not have access to measurements of the velocity dispersion, σs(r), in the space. We can measure only the velocity dispersion, σp(R), in the observation plane. Theoretically, these measurements can be represented by I(R)σ 
which corresponds to the integral along the line of sight of the spatial velocity dispersion, σ 2 s (r), weighted with the density. The quadratic mean value of σ 2 p (R) is
From Equations (35) to (37) and from the definition of I(R) in Equation (10), the condition that σ Figure 1: Top: the surface distribution of intensity, I(R); Sérsic law for different values of the exponent n (n = 1, 2, ..., 10) in Equation (7). The dotted line correspond to n = 1. Bottom: the corresponding normalized luminosity distribution, L(R)/R, equation (8) and (9). Figure 2 : Top: plot of the density of luminosity ρ(r) corresponding to the I(R) Sérsic profiles for n = 1, 2, ..., 10. Bottom: plot of the normalized mass M (r)/M for the same values of n. Figure 3 : Curves for the normalized potential φ(s)/φ(0) for n = 1, 2, ..., 10. (41) for different values of the exponent n (n = 1, 2, ..., 10) in the Sérsic profile. This paper has been produced using the Royal Astronomical Society/Blackwell Science L A T E X style file.
